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Abstract: We examine the weighted elliptic system 


—A u = (1 + |x| 2 ) “ v, 




—Av = (1 + |x| 2 ) 2 u p , 


where N > 5, p > 1 and a > 0. We prove Liouville type results for the classical 

(x{!l — 2) 

positive (nonnegative) stable solutions in dimension N < £ H--- (N < £ + 

Q '(l -)(p + 3) ) £ > 5, p G (1 In particular, for any p > 1 and a > 0, 

4(p + 1) 

we obtain the nonexistence of classical positive (nonnegative) stable solutions for 
any N < 12 + 5a (N < 12 + 5 “(p + ^) ). 

2(p + 1) ' 
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1 Introduction 


We consider the weighted elliptic system 

—A u = (1 + lari 2 ) tv, 

in R n , (1.1) 

—An = (1 + \x\ 2 )%u p , 

where N > 5, p > 1 and a > 0. We are interested in the Liouville-type theorems—i.e., 
the nonexistence of the classical positive and nonnegative stable solutions m in WL n 
or the half space 
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We recall the case a = 0, the so-called Lane-Emden equation or system which has 
been widely studied by many authors. For the second order Lane-Emden equation, the 
finite Morse index solutions of the nonlinear problem 


Au+\u\ p 1 u = 0 inR iV ,p>l 


N 


( 1 . 2 ) 


have been completely classified by Farina (see [7j). Farina also proved that nontrivial 
finite Morse index solutions to m exist if and only if p > pjl and IV > 1 

N 4-9 

and N > 3. Here pjl is the so-called Joseph-Lundgren exponent (see 


idl) 


" N — 2 

His proof made a delicate application of the classical Moser’s iteration. There exist many 
excellent papers to utilize Farina’s approach to discuss the second order Hardy-Henon 
equation. We refer to 4, |19|] and the references therein. 

Unfortunately, Farina’s approach may fail to obtain the similarly complete classifi¬ 
cation for stable solution and finite Morse index solution of the biharmonic equation 

A 2 u = u p , in SI C WL N . (1.3) 

To solve the complete classification, Davila-Dupaigne-Wang-Wei [5] have derived from 
a monotonicity formula for solution of (11.31) to reduce the nonexistence of nontrivial 
entire solutions for the problem C3D, to that of nontrivial homogeneous solutions, 
and gave a complete classification of stable solutions and those of finite Morse index 
solutions. Adopting the similar method, Hu [13] obtained a complete classification of 
stable solutions and finite Morse index solutions of the fourth order Henon equation 
A 2 u = |x| a |it| p-1 u. 


However, it seems that the monotonicity formula approach in 


13] does not work 


well with some weighted elliptic systems or negative exponent. There are several new 
approaches dealing with those elliptic equation or systems. The first approach is the use 
of the test function, Souplet’s inequality [l8] and the idea of Cowan-Esposito-Ghoussoub 


in Q. 


For example, Fazly proved the following result: 


Theorem A Theorem 2-4]) Suppose that (u,v) € C 2 (M JV ) x C 2 (R JV ) is a nonneg¬ 


ative entire stable solution of (1.1) in dimension 

8 + 4 a 


N < 8 + 3a + 


p — 1 


(1.4) 


Then (u,v) has the only trivial solution, where a > 0 and p > 1. 


2 












The second approach, which was obtained by Cowan-Ghoussoub [3j and Dupaigne- 
Ghergu-Goubet-Warnault 6] independently, is firstly to derive the following interesting 
intermediate second order stability criterion: for the stable positive solution to () 1.3 1) , it 
holds 


y/pf 

Jr 1 


p-i 


u 2 (f dx < 


[ IVCP 

Jr n 


dx, VC €C%(R n ) 


Then this will be carried out through a bootstrap argument which is reminiscent of the 
classical Moser iteration method. Recently, combining the first and second approaches, 
the fourth order elliptic equation with positive or negative exponent have been discussed 


m 


, HQ 


For the general system with a / 0, the Liouville property is less understood and 

is more delicate to handle than a = 0. Moreover, from Theorem A, we note that if 
4 (p — 3) 

p > 3 and a < -, then the space dimension for the Liouville property of the 

3p+l 

nonnegative stable solution to CCD is less than 12. But the study of radial solutions in 
[14] suggests the following conjecture: 

A smooth stable solution to \1.3\) exists if and only if p > pjl a and N > 13. 

Consequently, Liouville type result for stable solutions of m should hold true for any 
N < 12, p > 1 and a > 0. That is what we will prove here. Inspired by the ideas in 
1, 11, [l2i], our purpose in this paper is to prove the following Liouville-type theorems 
of the weighted elliptic system m- 

Theorem 1.1. Suppose that (u,v) is a classical stable solution of the weighted elliptic 
system (CUP with u > 0. If N > 5, a > 0 and p > 1 satisfy the following conditions: 

(i) . N<t+^zA. 

(ii) . p€ (1 ,p*(£)), where 


p*{t) = < 


+oo, 

1 + 2- sjl 2 + A-A^WTW £ 


5 < I < l, 
£> 1 , 


J - 6 - + 4 - 4yT 2 + II* 

and l € (12,13) is the root of the quartic equation 

8(1 ~ 2)(l - 4) = H\ := 4)2 + - 1. 
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Then the system has the only trivial solution. 


Remark 1.1. (i). We note that if 5 < N < 12 + 5o ; then the weighted elliptic system 

do not have classical positive stable solution for any p > 1 and a > 0. 


(ii). From fll./| ) and Theorem 11.1 L we find that the inequality 

'< + A a a{£ — 2) 


T 3 Oi T 


<£ + 


p- 1 2 

holds true, when 8 < i < 12, p = +oo or l > 13, p = p*(£). 

(iii). If we denote £ := 2 + 2p by Remark \3.1\ (Hi), then the weighted elliptic system 
(CUP do not exist classical positive stable solution in dimension 


N < 2 + (2 + a)p, 


where a > 0, p is the largest root of the polynomial 


N 4 32p(>+l) 2 32p(p + 1)0 + 3) 64p(>+l) 2 

= - (p, !)2 (p — !)4 


/or any p > 1. 


(1.5) 


Theorem 1.2. Assume that (u,v) is a classical nonnegative stable solution of the 
weighted elliptic system UJf>, and N > 5, a > 0 and p > 1 satisfies one of the following 
conditions: 


(i) . N <£ + a<yi 2 ^ P + and p G (1 ,p*(£)). or 

4(p + 1) 

ot{ -(- 3) 

(ii) . For any p>l, N <2 +2p-\ - - - -p, where p is the largest root of the 


2(p + 1) 


polynomial H(p,p ) in \1.5\) . 


Then ( u , v ) must be the trivial solution. 


Remark 1.2. Clearly, if for any p > 1 and a > 0, 5 < iV < 12 + 
system C3) do no have classical nonnegative stable solution. 


5 a(p + 3) 
2(p + l) ; 


i/ien t/ie 


• Notation. Here and in the following, we use B r (x ) to denote the open ball on M. N 
central at x with radius r. We also write B r = B r ( 0). C denotes generic positive 
constants independent of u, which could be changed from one line to another. 


4 












The organization of the paper is as follows. In section 2, we prove some decay 
estimate and point-wise estimate for the stable solution of the system m- Then we 
prove Liouville-type theorem for positive stable solution of m, that is Theorem o 
in section 3. Adopting the similar approach, we prove Theorem 11.21 in section 4. 


2 Preliminaries 

Let SI be a subset of and f,g € C 1 (M. N+2 ,Ll). Following Montenegro [if]], we 
consider a general elliptic system 


-A u = f(u,v,x), 
-Av = g(u,v,x), 


i6!1. 


( Qf,g ) 


Definition 2.1. A solution ( u,v ) € C 2 (Q) x C 2 (Q) of(Qf i9 ) is said to be stable, if the 
eigenvalue problem 


-A(j) = f u (u, V, x)(f) + f v (u, V, x)ljj + 770, 
—Atf = g u {u , v, x)(j> + g v (u, v, x)if + 


(£/,< 


has a first positive eigenvalue rj > 0, with corresponding positive smooth eigenvalue pair 
A solution (u,v) is called semi-stable, if the first eigenvalue g is nonnegative. 

Lemma 2.1. Let (u,v) be a classical stable solution of 11.11) . Then the following two 
inequalities hold 

|AC| 2 


and 


p f (1 + |x| 2 ) 2 u p 1 ( 2 dx < [ —^— -adx, VC € H 2 (R n ), 

Jr n Jr n (1 + |x| 2 ) 2 

y/p f (1 + \x\ 2 ) zu^Cfidx < f |VC| 2 dx, 

J r n Jbl n 


( 2 . 1 ) 


for all C € H 1 




Proof. Adopting the proof of Lemma 3 and Lemma 7 in [lj, we get the desired results. 
Therefore we omit the detail. □ 

Next, we list some decay estimate and point-wise estimate for stable solution which 
will be useful in the following proofs. 
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Lemma 2.2. ( 2C, Lemma 2.2]) For any £,ry E C 4 ( M. N ), the identity holds 


A(A(C?? 2 ) = [A(C??)] 2 - 4(VC • Vry) 2 - C 2 (Ar/) 2 + 2(AC|Vry| 2 - 4(AryV( ■ Vry. 
Lemma 2.3. For any £ E (T^R^) and ry E Cj^R^), we obtain the two identities 


ACA(C ?? 2 

(1 + |x| 2 )t 


-dx = 


m V )} 2 dx+ f [-4(VC-Vr ? ) 2 + 2CAC|Vr ? | 2 ] ^ 

Jr 1 


+ 


i 


(1 + |x| 2 ) 2 

c 2 


(1 + \x\ 2 ) 2 


— 2ct 


/ 

is 


(1 + \x\ 2 ) 2 

c 2 


■a [2V(A rf) ■ Vry + (Ary) 2 ] dx 


and 


|VC| 2 |V / 7 | 5 

, 1 m\ Q: 

(1 + |x| 2 ) 2 


dx =2 


(1 + \x\ 2 ) 2 




Ar?(V?y • x)dx, 


2^+1 


( 2 . 2 ) 


— a 


/ 


(1 + |cc| 2 ) 2 

c 2 


/ 

Jr 7 


C 2 A(|Vt?| 2 ) 

, . ir ,, Q; 

(1 + \x\ 2 ) 2 


dx 


R N (1 + \x\ 2 ) 2 +1 


[2(V(|V?y| 2 ) -x) + IV|Vry| 2 ] dx 


/ v f ( 2 \x\ 2 \Vr]\ 2 , 

+ a(a + 2) / -- : — a , „ dx. 


2^+2 


Proof. Integrating by parts, we get 

CA77VC • V?/ 


-4 


=2 


(1 + |x| 2 ) 2 


c 2 


■f 

Jr 


dx = 2 ■ div 


(1 + M 2 )2 


Ary Vry 

— ! !T77 Q 

(1 + |x| 2 ) 2 


(2.3) 


dx 


I 

Jr 1 


-a [V(Ary) • Vry + (Ary) 2 ] dx — 2a 


(1 + |x| 2 ) 2 

Combining with Lemma 12.21 it implies that the identity 
A simple computation leads to 


f ( 2 Ary(Vry • x) 
RJV (1 + |x| 2 )f + 1 

holds true. 


dx. 


A(C 2 )|Vry| s 


■dx = / C 2 A 


(1 + | x | 2 )2 Jrn V (1 + | x | 2 )2 


|Vry| 2 


dx 


[ 

Jr 1 


C 2 A(|Vry| 


(1 + |x| 2 ) 2 


-frdx — a 


i 

Jr 1 


C 2 [2(V(|V/y| 2 ) • x) + 7V|Vry| 2 


(1 + |x| 2 ) 2 +1 


-dx 


+ ot(a + 2) / 

Jr 1 

Again it is easy to verify that 


C 2 |x| 2 |Vry| 2 

(1 + | x | 2 )? +2 


dx. 


1 


A(C 2 ) = CAC + |VC| 2 . 


Combining the above two identities, we get the identity (12.31) . 


□ 
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Lemma 2.4. Let N >5, p > 1, a > 0 and ( u,v ) be a classical stable solution of hl.l\ ) 
with u > 0. Then we have 



(1 + | x |2)f [„2 + u p+ 1] dx < CR N-A-a-^f 


for all R > 0. 


Proof. Since (it, v ) is a classical stable solution of (II.ID . we find that for any £ € Cq (M" v ), 

An 


/ (1 + |x| 2 ) 2 n p £dx = [ AU AC dx, 

Jr n JrJv(1+x 2 )2 


and 


p f (1 + |x| 2 ) 2 n p 1 Q 2 dx < f 

Jr n J k 

Substituting £ = uif 2 into (12.41) . we obtain 

[ (1+ \x\ 2 )^u p+1 if 2 dx = / 

Jr n J r- 

Substitute £ = uif into (12.51) to get 

p[ (l + |x| 2 )f u p+1 if 2 dx< f 
J r n Jr 


(1 + | x | 2 )2 

|A£| 2 

(1 + |x| 2 )t 

AuA(uif 2 ) 
(l + |x| 2 )f 


■dx. 


dx. 


-dx. 


(2.4) 


(2.5) 


( 2 . 6 ) 


(2.7) 


(1 + | x | 2 )2 

Here and in the following, we choose the cut-off function if € (^(K^) with 0 < if < 1, 


if(x) 


1, if \x\ < R, 

< 

0, if \x\ > 2 R, 


and IV^I < —for i = 1,2,3. Now, combining (12.61) and (12.71) with (12.21) and (12.31) . 
R l 

we have 


(P- !) 


(l + |x| 2 )fn p+ V 2 dx < [ 

Jr 1 

-L 


4(Vn • VV0 2 — 2nAn|V't£| ; 


(1 + | x | 2 )2 


dx 


<C 


u 2 [2V(A£>) • V£> + |At/t| 2 ] 

(1 + |x| 2 )t 

/ |nn| • |V^| 2 dx 
JRV 


dx + 2a 


u 2 Aif(Vif ■ x) 

(1 + | x | 2 ) 2 +1 


dx 


+ c f n [l A (|V^| 2 )| + |V(A£>) • Vif\ + |A^| 2 ] dx 

Jr n (1 + |x| 2 )z 

+ c [ - a+1 [|V(|VVf) • x| + I VVf + IA if(Vif • x)|] dx. 

Jr n (1 + |x| 2 ) 2 +1 
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Again since A (wip) = —(1 + |x| 2 ) 2 vip + 2Vu ■ VV’ + uAi/j, we get 

f (1 + \x\ 2 )%v 2 ip 2 dx < C f - - 1 q [(A(w/?)) 2 + |Vk • V^l 2 + tt 2 |A^| 2 ] dx. 

Jrn Jrn (i + \x\ 2 ) 2 

Then, combining the above inequality with (12.61) . it implies that 

f (1 + | x | 2 )2 ' [v 2 + u p+1 ] i/j 2 dx < C ( \uv\\Vil>\ 2 dx 
Jr n Jr n 


+ c 

+ c 


RN (1 + |x| 2 )2 


/ 

JR 

f 

JR 1 


a [|A(|V^| 2 )| + |V(A-0) • VV’I + |A-0| 2 ] dx 


-ott [|V(|V^| 2 ) • x| + |Vv>| 2 + |A-0(V^ • x)|] dx. 


(l + |x| 2 )f +1 

Next, the function ip in the above inequality are replaced by ip m , where m is a larger 
integer, then 

f (1 + |x| 2 )f [v 2 + « p+1 ] ip 2m dx < C f \uv\ip 2 ( m ~ 1 ' > \S7ip\ 2 dx 
Jr n Jr n 


+ c 

+ c 


R N (1 + |x| 2 ) 2 


/ 

I 

Jr 1 


■s: [|A(|VV> m | 2 )| + |V(A^ m ) • V^ m | + |A^ m | 2 ] dx 


u 


wry [|V(|VVH 2 ) • ®| + IV^I 2 + |A?TW m • x)|] dx. (2.8) 


(1 + |x| 2 ) 2 +1 

A simple application of Young’s inequality leads to 


[ \uv\ip 2 ^ m ^\V ip\ 2 dx < — [ (1 + |x| 2 ) 2 v 2 ip 2m dx 
Jr n 2C Jrn 


+C 


/ 


u 


R N (1 + |x| 2 ) 2 


,rV> 2(m — 2 )|V'0| 4 dx, 


and putting into (12.81) yields 

f (1 + |x| 2 )t [v 2 + V p+1 } ip 2m dx < C 


u 


W (1 + | x | 2 )2 


^2( m -2)| V ^|4 dx 


+ c 

+ c 

=c 


rn (1 + |x| 2 )2 


«r [|A(|V^ m | 2 )| + |V(A-^ m ) • \7ip m \ + |A^ m | 2 ] dx 


L 
L 

J« Ar (l+ X 2 )2 Jrn (1 4 - \x 2 ) 2 + 


(l + |x| 2 )f +1 


[|V(|VV’ m | 2 ) • x| + IWH 2 + |A^ m (V^ m • x)|] dx 


where 


= |V</f + V’ 2(2_m) [|A(|V^ m | 2 )| + |V(A^ m ) • Vip m \ + |AVH 2 ] , 
S(V> m ) = V> 2(2_m) [|V(|V^ m | 2 ) • x\ + |VV’ m | 2 + |A^ m (V^ m • x)|] . 
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Choosing m larger enough such that (m 


2 )(p+ 1) > 2m, we utilize Holder’s inequality 


to the both terms in the right side of the above inequality and find 

„,2 


/ 




(1 + \ X \ 2 ) 2 

= [ {l + \x\ 2 )^u 2 ^ m - 2 \l + \x\ 2 )-^-%K^ m )da 


< 


[ (l + |s| 2 )^u p+1 ^ 2m dx 

Jm. n 


2 

P+1 


X 



2a+a(p+l) 

2(p-D Q5('0 m ) 



P-1 

P+1 


and 


[ n n a+ 1 V’ 2 (m ~ 2 ) S(V’ m )^ 

JRW (1 + |x| 2 ) 2 +i 

<( [ (l + \x\ 2 )^u p+1 ^ 2m dx) 

\Jr n j 


X 



2a+(a+2)(p+l) 



P-1 

P+1 


Therefore, we get 


/ 

Jr 1 


(1 + |x | 2 )2 [ v 2 + u p + 1 ] ip 2m dx 

2q+q(p+ 1) ^ _ p+1 


<C 

+ c 


[ (l + |x| 2 )”‘ 2( P -1) r&(^ m )i^dx 
J R N 

f „ 2a + (a; + 2)(p+l) p+1 

/ (l + |x| 2 ) y(^ m )p-idx 

J R N 


<CR N ~ 4 ~°~T^. 


for all R > 0. 


□ 


Let N > 5, p > 1 and a > 0. We consider a more general elliptic system 

— A u = (1 + |x| 2 ) 2 u, 

in £, 

< — An = (1 + |x| 2 ) 2 vP, (2.9) 

u = A u = 0, on dTi, 


where £ = M. N or the half space £ = or the exterior domain £ = 

and H is a bounded smooth domain of M. N . A solution (u, v) of (12.91) is said to be stable 
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if for any C G # 2 (£) D we have 


p f (1 + |x | 2 )2 u p 1 ( 2 dx < f 

Jt, J i 

or if for any £ € H X (S) 


|AC | 2 


S (1 + |x| 2 ) 2 


—dx, 


y/p / (1 + |.x| 2 ) 2 u 2 ( 2 dx < / |VC| 2 dx. 

js Jt, 

Motivated by the proof in [12, 16, 1||, we obtain the crucial ingredient in the proof 
of Theorem o and Theorem E 2 J 

Lemma 2.5. Assume that (u,v) is a classical stable solution of \2.9\) . If u > 0, then 
the inequality holds 

v > 


2 £±1 ■ v 

u 2 , m L. 


p + 1 


/ 2 p+i 

Proof. Set 5 = w-, 7 = 5u 2 — v. A direct calculation yields 

p + 1 

P — 1 £^3 


A 7 = 


25 


tt ^2 |Vu | 2 — 6 1 (1 + |x| 2 ) 2 u v + (1 + |x| 2 ) 2 u p 


>5 X (1 + \x\ z ) 2/2 7 . 


2\7 


a p— 1 


Denote 7 + := max{ 7 ,0}. Since 7 +A 7 > 0 in E and 7 = 0 on e?E, it implies that for 
any R > 0 


[ |v 7+ P 

J sn Br 


dx = — 


' sns_B 


y+Aydx + 


L 


a(sns fl ) 


O 7 


< 


L 


<97 

7 +—da. 


( 2 . 10 ) 


For r > 0 , define £(r) := 


/ 7 ^.(rcr)dcJ, where 1 denotes by the unit sphere 

JsN-l n ( r -lZ) 

in M. N . We easily deduce that there exists Rq > 0 such that 


JV-l 


[ Vr > R o- 

'snas r <2^ 2 


On the other hand, for any R > i?o, we conclude that 


fit 


' -Ro 


l drda 


1 f(r)dr = f f 7 ^.(rcr)r Ar x c 

2i? 0 2§2v-i n ( r -i S ) 

<C [ 7 ldx<C [ {1 + \x\ 2 )% (v 2 + u p+1 )dx 

Jb r ns JBb ns 


^ — 4 —Ct—3+4a 

<Cit P " 1 = o(it 


w 

,N\ 
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Therefore, £(Ri) —>• 0 for some sequence R{ —>• oo. Thus, there exists Ri —>• +oo such 
that C{Ri) < 0. Letting i —> oo in (12.101) with R = R^, we find 

/ |V7 + | 2 dx = 0. 


Again sine 7 = 0 on <9X, we get that 7 + = 0 in S. 


□ 


Throughout the paper, we let Rf. = 2 k R with R > 0 and integers k > 1. 


■ 6 . ®, 


Lemma 5]) For any integer k > 1 and 1 < (3 < 


N 


Lemma 2._. , _ :/ __.. __ _ , 

N - 2 

C = C(k,/3) < +00 such that for any smooth w > 0, the inequality holds 


, there is some 


w^dx 


< CR 




IB 


R k 


p ^ f \Aw\dx + CR N ^p ^ 

^ BR k +1 


wdx. 


' B 


R k +1 


3 Proof of Theorem 11.11 

The following two lemmas play an important role in dealing with Theorem ll.il 

Lemma 3.1. Let N > 5, p > 1 and a > 0. Assume that (u, v ) is a classical nonnegative 
stable solution of {ny. Then we obtain that, for any s > 2 and R > 0 


IB 


R k 


(1 + |x| 2 ) 2 u p v s 1 dx < f v s dx, 

R jBR k+ 1 


provided that 


4 32p 2 32p(p + 3) 

L(p,s) = s - —s + —- 

p + 1 


64p 


< 0 . 


(p + 1) 2 (p + 1) 2 

Proof. Testing (12.11) on £ = u^~cj> with cf € Cq(R n ) and q > 1, we get 

-y/p f (1 + |x| 2 )^u^~u q+l <j> 2 dx < f u q+1 \Vcf\ 2 dx 
J R N J R N 

+ / \S7u^r\ 2 ct) 2 dx + (q + l) / u q <f>Vu ■ Vcfdx. 
Js. N J R N 

Integrating by parts, we have 

(q + 1) [ u q (/)Vu ■ Vcfdx = - [ V(u 9+1 ) • V{f) 2 )dx 
J R N 2 J r n 

= -\! u q+1 A(cj) 2 )dx, 

2 Jrn 


(3.1) 


(3.2) 
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and 


2 + 1,9 , 9 , (<? + l) 2 


|Vii 2 \ z (j) z dx = 


4 q 


[ 4> 2 V(u q ) ■ Vudx 
Jr n 


(g+l) 2 


4 q 

(g+ l) 2 
4g 


[ u q (j) 2 Audx — ^ ^ f V (u q+1 )V ((f) 2 )dx 

Jrjv 4g y R jv 

[ (1 + |x| 2 ) 2 u q vcj) 2 dx+ [ u q+1 A{(j> 2 )d. 

Jr n 4 g j K iv 


Combining the above two identities with (|3.2I) leads to 

ai [ (1 + |x| 2 ) 2 u q+1 (j) 2 dx < f (1 + \x\ 2 )^u q vcf) 2 dx 

Jr n Jr n 

+ C [ u q+1 [\A^ 2 )\ + \V^\ 2 ]dx, 

Jr n 


where ai = 


4g\/p 
(g + l) S 


/ X \ 

. We choose 0(x) = w I — where a; € Cg (£> 2 ) with cj = 1 in £?i, 

V / 


then we find 


[ (1 + |x| 2 ) 2 u P 2 u q+l (f) 2 dx<— [ (1+ \x\ 2 ) 2 u q v(j) 2 dx +[ u q+l dx. (3.3) 
Jr n a l Jr n ^ B R k +1 


Similarly, testing (12.11) on £ = v 2 (j) with r > 1, there holds 

-y/p f (1 + \x\ 2 ) 2 v r+1 (f> 2 dx < f v r+1 \\7c/)\ 2 dx 

Jr n Jr n 

+ / \ 2 4> 2 dx + (r + 1) / v r (jNv ■ V(J)dx. 

Jrn Jr n 

Adopting the same computation as above (noting that the equation — Aw = (1 + 
\x\ 2 )^u p ), we obtain 

[ (1 + |x| 2 ) z v r+1 ct> 2 dx < — f (1 + |x | 2 )2 u p v r cj) 2 dx +[ v r+1 dx, (3.4) 

Jr n «2 JRN R z JB Rk+1 


where a 2 


Ary/p 
(r + l) 2 


Rewriting (13.31) and (|3.4|) yields 


I\ + a ^ 1 12 ■= [ (1 + |x| 2 ) 2 u P z u q+1 (f) 2 dx + a 2 +1 f (l + |x| 2 ) 2 n P 2 v r+l (j) 2 dx 
Jrn Jrn 

<— f (1 + \x\ 2 )^u q v<f> 2 dx + 0 J 2 [ (1 + |x| 2 ) 2 'u p v r (j) 2 dx 
a i Jr n Jr n 

+-tL [ (u q+l + v r+1 )dx. (3.5) 

R Jr ^+i 
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Fix now 


2q = (p+ 1 )r + p — 1 q + 1 = 
A direct application of Young’s inequality leads to 


(P + 1)0 + 1) 


-! 

a l JR N 


, , ,o. a r, r ,, o P-1 0 (g+fF U 

(1 + |x| ) 2 u q vcj) 2 dx = / (l + |x| 2 ) 2 u 2 4> z u r +! —dx 
J R N a l 


<- 


(1 + \x \ 2 ) 2 u i u q+1 if> 2 dx 


r + 1 


+ 


a i ( r + 1) 


(1 + \x \ 2 ) 2 « P 2 'U r+1 i 5 i 2 dx 


r T 1 

- —77 


r + 1 aq +1 (r + 1) 

Arguing as above, we get 

a 2 [ (1 + \x\ 2 )%u p v r (j) 2 dx <—-— [ (1 + |x| 2 ) ? u 1 ^u q+1 4> 2 dx 
JR N r + 1 Jr IV 


+ 


r+1 
«2 r 

r + 1 


(1 + \x \ 2 ) 2 + 2 v r+1 (f) 2 dx 


■,r+i„ 


1 T a, 1 ‘r T 

-/i + -+-r- / 2 - 


r+1 r+1 

Combining the above two inequalities with (|3.5I) . we find 


I\ + Y-— 1\ + 


1 


,r+l„ 


T 1 a'r,' ‘r T 

I r 2 H--/i H—-——/ 2 


r + 1 a^ +1 (r + l) r +1 r + 1 

+ f {u q+1 + u r+1 )dx. 


Thus, it implies that 


(ai +‘: + < ggl f {u ^ + v r» )dx . 

If aqa 2 > 1, then we conclude from the choice of <f> that 

f (1 + \x\ 2 )^u E 2~v r+1 dx < I 2 <-^ f (u q+1 + v r+l )dx. 
■)b R i _ R Jb r ,_ ,, 


Since , + 1 = (P+I) „ (r + 1) and v > 


2 p+i 

u 2 , we have 


p+ 1 


f (1 + |x’| 2 ) 2 u P 2 w r+1 dx < ^ 


R 2 


v r+1 dx. 


’B R 


k +1 
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Denote s := r + 1. Then, combining the above inequality with Lemma 12.51 it implies 
that 




(1 + \x\ 2 ) 2 u p v s 1 dx = / (1 + \x\ 2 ) 2 u i « P 2 v s l dx 

jB * k 

< [ (1 + | x\ 2 )^u E 2~v s dx < -^ [ 

Jb r , R J Be 


v s dx. 


On the other hand, since a\ = ; fl2 _ —, and 2g = (p + l)r + p — 1, 

1 1 (r + 1 Y 


(q + 1) 2 

p + 1 

g + 1 = —-—(r + 1), s = r + 1, we obtain that 


is equivalent to 


aia2 > 1 


8p[(p + l)(s-l)+p-l](s-l) > ( p + 1 ^ g 4 . 


A direct calculation shows 


j ( \ 4 32p 2 32p(p + 3) 64p 

L(p,s):=s - -s H-7— „, n s — -——TT77 < o. 


p+1 (p+1) 2 (p + l) s 


This completes the proof. 


□ 


Remark 3.1. For any p > 1, f/ie following statements are equivalent: 


(i). L(p,s) = s 4 -—s 2 + 


4 32p 2 ; 32p(p + 3) 64p 


s — 


p+1 (p + 1) 2 (p + 1) 2 


< 0. 


(ii). H(p,p) = p 4 - 


4 32p(p + 1) 2 , 32p(p + l)(p + 3) 64p(p + l)" 




-P 


(p - l) 4 


< 0. 


(p-1) 2 ^ (p-1) 3 

(iii). Let t = 2 + 2//, f/ien we have p £ (l,p*(£)). 

p + 1 

Proof, (i) -+=> (ii). Set /j :=--s. A simple calculation yields 

p + l\ 4 . /p -L 1 V 4 32p(p + l) 3 2 32p(p + 3)(p + l) 2 64p(p+l) 2 

L{Pi s ) — l - rS )-7-7U- s H-7-—- s — 


p — 1 


p — 1 


ip - l Y 


ip - !) 4 


4 32p(p + 1) 2 , 32p(p + l)(p + 3) 64p(p + l) 2 

~P 7+ T\2~P + (p-tf /J 


ip-If 
= : H{p,ff). 


ip - l Y 


iP - l Y 

(3.6) 


Thus (13.11) is equivalent to 


H(p,p) < 0 . 


(3.7) 
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(ii) <(=^> (iii). We recall from Theorem 1 in jl4] that the radial entire solutions to the 
biharmonic equation A 2 u = u p in are unstable if and only if 

N 2 (N — 4) 2 


16 


<pK{ A), 


(3.8) 


where A = —- 


p — 1 


and K{ A) = A(A — 2)(A + N — 2)(A + N — 4). We note that the 


left hand side of (13.81) comes from the best constant of the Hardy-Rellich inequality (see 
[17]): If N > 5, then, for all p € H 2 (R N ) 


\Ap\ 2 dx > 


N 2 (N — 4) 2 r p 2 

16 J r n \x[ 

Solving the corresponding quartic inequality, we find that 


■dx. 


holds true if and only if 1 < p < p(N), 

where p(N) is the fourth-order Joseph-Lundgren exponent computed by Gazzola and 
Grunau (see Q]): 


p(N) = 


+ 00 , 


N + 2 — \J N 2 + 4 — 4y/N 2 + H n 
N — 6 — \J N 2 + 4 — 4^/N 2 + H n 


if N < 12 


, if IV > 13, 


and Hn = 


N 2 (N — 4) 2 

16 


If we denote N := 2 + 2/i in (13.81) . a direct calculation shows 

2 P + 3 2 (p + 1) 


Thus, it implies that (13.81) is equivalent to 


P - tP + / 

P~ 1 VP- !)' 


„ , ^ 1 2 i \2 32p(p + 1) 2 32p(p+ l)(p + 3) 64p(p +1) 2 

H 0 (P,P):=(P -1) - M2 P +-^Tljs- <0 - ( 3 ' 9 ) 


(P - l) 2 


(p- l Y 


We find that 


Ho(p,p) = H(p,p) - 2p 2 + 1. 

Combining the above identities with (I3.6D - (I3.9I) . we obtain that (13.71) is equivalent to 

£ 2 (£-4) 2 (£ — 2) 2 


16 


+ 


— 1 < pK(X), 


where £ = 2 + 2p. 
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£ 2 /£_ 4) 2 ( 1 - 2 ) 2 

Now, we denote Hf :=-—-1- -— -1, then we conclude that (13.71) holds 


16 2 
true if and only if 1 < p < p*(Z), where 


P*(Z) = < 


+oo, 


Z + 2- ^jt 2 + \- 4 v /FTl^ 


5<£<e, 


t>L 


t - 6 - ^Z 2 + 4 - 4^ 2 + H* 
and Z is a unique root in the interval (12,13) such that 8(£ — 2)(£ — 4) = Hf. 


□ 


Remark 3.2. (i). By Lemma 2.2 in JlM], we find that, for any p > 1, L(p,2t^) < 0. 

Moreover, L defined by \3. 11) has a unique root so in the interval [2f)J",+oo) such 
that L(p , s) < 0 for s € [2 1$, sq). Here 


*o := 


2 v 


+ 


2 p 


p + i V p + i V p + i 


2p 


(ii). Let IV > 5, p > 1, a > 0 and (u,v) be a classical positive stable solution of \1.1\) . 
Adopting the similar proof as Lemma 4 in \1], we find that Lemma \3.1\ holds true 
for s € (2£q ,2t^), where 


to '■= 


2 p 


2 p 


p+ 1 \ p+l 


2 p 

p+l 


Obviously, t 0 is strictly decreasing in p, lim t 0 = l, lim t Q = \[2 — y2—y/2 


p—>l 


p —^OO 


Thus, for any p > 1, 2 1 0 < 2. 


(iii). If N > 5, p > 1, a > 0 and (u, n) is a classical nonnegative stable solution of 
m, then Lemma HO holds true for s € [l,so). 

Lemma 3.2. Let N >5, p> 1, a > 0 and (u,v) be a classical stable solution of (1.1) 


with u > 0. Assume that 1 < (3 < 


N 


N - 2 ’ 0 

13.11 Then there exist k € N + and C < +oo such that 


, 2 1 0 < t < s, where s is defined in Lemma 


[ v^ T dx\ < CR N ^p ^ f v T dx, 

^ B Rk J ^ B Rk +s 


for all R > 0. 
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Proof. Denote w := v T . A simple calculation yields 


| Aw\ < r(r — l)v T 2 |Vv| 2 + r(l + \x\ 2 ) 2 v T 1 u p . 


Then, it implies from Lemma 12.61 that 

v^dxY <CR 2+N ^~ 1] J 


R k 


^fc+l 


v T ~ 2 \Vv\ 2 + (l + \x\^u p v 


2 lf ^PnP- 1 


dx 


+ CR 


^ f v T dx. (3.10) 

^ BR k + 1 

Next, we estimate the term [ v T ~ 2 \Vv\ 2 dx in (HTTPl) . We take a cut-off function 

J Bp . , , 


iR k +1 


c 


4> € C‘o(Bn k+2 ) such that 0 = 1 in B^ k+1 and |V0| < —. Multiply — Av = (1 + \x\ 2 ) 2 u p 


R 


by v T l (j) 2 and integrate by parts to get 

f (1 + |x| 2 ) 2 u p v r ~ 1 (j) 2 dx = f —A v(v T ~ 1 (/) 2 )dx 
JR N JR N 

=(r — 1) [ v T ~ 2 (/) 2 \Vv\ 2 dx + 2 f v T ~ 1 <j)Vv ■ Vfdx. (3-11) 

Jr n J R n 

We use Young’s inequality to yield 

f v T ~ l 4>S7v ■ Vcfidx < - f v T ~ 2 (j) 2 \Vv\ 2 dx + C f v T \V<f\ 2 dx. 

Js. N 8 J r n J r n 

Substituting the above inequality into (13.111) . it implies from the choice of the function 
4> that 

■ T ~ 2 \X7v\ 2 dx < C f (1 + |x| 2 )^u p v T ~ 1 (j) 2 dx + C f v T \X7(/)\ 2 dx 

Jr n Jr n 

~C [ (1 + |x| 2 ) 2 u p v T ~ 1 dx + [ v T dx. (3.12) 

JBv, . „ R Jb r . , „ 


° R k+2 


R k+2 


Putting (13.121) into (13.101) gives 


IB 


^ T dx\ <CR 2+N{ P~ l) [ (1 + \x\ 2 )^u p v T ~ l dx 


R k 


>Br 


k +2 


+ CR n ^p ^ f v T dx. 

^ BR k +2 


(3.13) 


Applying Lemma 13.11 and Remark 13.21 (ii) to the first term on the right hand side of 
(13.131) . we conclude that 


/ v® T dx ] < CR N ^p ^ / v T dx, 

' BR k J -' BR k+3 


for all R > 0. 


□ 
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Now, we can follow exactly the iteration process in [l|, Corollary 2] to get 


in [1, 


Proposition 3.1. Suppose that N > 5, p > 1, ck > 0 and (u,v) is a classical stable 


solution of (1.1) with u > 0. Let 2 1 0 < r < 2 and r < /3 < 
C < +oo and integer n > 1 such that for all R > 1 


N 


N -2 


s, then there is a 


[ v^dx\ < CR N ^p f v T dx 

JBr ) \JBr , 


1 3 n 


Here s is defined in Lemma \3.1 


Proof of Theorem, \1.1\ Suppose that (u,v) is a classical positive stable solution of (11.ip . 


By Lemma 13.11 and Remark I3.1H3.21 we take 2 1 0 < r < 2 and r < /3 < 
combining Proposition 13.11 we obtain 


N 


N — 2 


s, then, 


( [ v^dx] 0 < CR N (e ') ( [ 
\JBr J V B R 3 n 


v T dx 


From Lemma 12.41 we apply Holder’s inequality to get 


/ v T dx < I / (1 + \xf) 2 v 2 dx 

IBr \JBr 


<B h 


(1 + \x \ z ) 2 ( 2 —) dx 




AT (2 + “)(P+l)_ 

=CR n -p-i- 


Combine the above inequality with (13.141) to yield 


2 —r 
2 


(3.14) 


'b r 


vPdxY <cR N ^-~r-A N ^m 


(2+q)(p+l), 


for all R > 0. We easily find the fact that 


,1 1\ If (2 + a)(p + 1) , 

W | ) + _/ iV - i W h |<0 


is equivalent to 


p+ 1 


N < (2 + a)(p + l) ^ < (2 + q)(p+l) N * 


p — 1 


p- 1 N — 2 


(3.15) 


Since p =-s and £ = 2 + 2/r, it implies from Remark 13.II that the inequality (13.151) 

p — 1 

is equivalent to one of the following two conditions: 


(i). I > 5, p E (l,p*(^)) and 


IV < £ + 


a(£ - 2) 
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(ii). For any p > 1 


N < 2 + (2 + a)/r, 

where /x is the largest root of the polynomial 

TJ , \ 4 32p(p + l) 2 32p(p + l)(p + 3) 64p(p + l) 2 

= “ (p-i)2 +—(yriy—f*- (p _ 1)4 ■ 

From the condition of Theorem 1 1.1 1 and Rernark ll.il (iii), it is easy to see that (13.151) holds 
true. Therefore, we conclude that IMIlRr^) = 0 as R —>• +oo, i.e., v = 0 in WL N . This 
is a contradiction. Thus we get the desired result. □ 

Adopting the similar proof as Theorem ll.il we obtain the following result. 
Corollary 3.1. Let N > 5, a > 0 and p > 1 satisfy one of the following conditions: 

(i) . N < i + ^ and p € (1 ,p*(£)). or 

(ii) . For any p > 1, N < 2 +(2 +a)p and p is the largest root of the polynomial H(p,p) 

in U.5\) . 

Then there does no exist classical positive stable solution of \2.9 1) in T, = 

4 Proof of Theorem 11.2 

From Remark [372] (i) and (iii), we adopt the same proof as in Lemma 3.1 and Lemma 
3.2 to obtain the following results. 

Lemma 4.1. Let N > 5, p > 1, a>0 and (u,v) be a classical nonnegative stable 

N 

solution of (1.1). Assume that 1 < (3 < ——- and s is defined in Lemm,a \S.1\ . Then 
there exist integer k € N + and C < +oo such that 

([ < CR N{ ^~ 1] [ v s dx, 

V B *k J JB ^ k+3 

for all R > 0. 

Proposition 4.1. Suppose that N > 5, p > 1, a > 0 and (u,v) is a classical nonneg- 

N 

ative stable solution of (1.1). Then, for any 2 < /3 < —— -s, there is some C < +oo 
and integer n > 1 such that for all R > 1 



Here s is defined in Lemma \S.l\ 
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N 

Proof of Theorem \l Jj (1). Suppose the condition (i) holds. Let 2 < /3 < — — -s, then, 
combining Proposition 14.11 with Lemma 12.41 we get 


/ vPdxV kcrW-vi 

'b r J \Jb r „ 


v 2 dx 


< CR ^ 




'Br. 


(1 + |x| 2 ) 2 u 2 dx 


3 n 


N ( 2 i \ | JV o a 4+2 a 
< Ci? ^ 2 P-1 


for all R > 0. We obtain that 


2 V/3 J 2 2 p- 1 


is equivalent to 


p + 1 


IV < 


2 (p + 1) a(jp + 3)1 N 

p- 1 + 2(p - 1) J N -2 S ' 


(4.1) 


Since p = -s and £ = 2 + 2p, it implies from Remark 13. II that the inequality (14.11) 

P~ 1 

is equivalent to 


IV < £ + 


a(£ — 2 )(p + 3) 

4(p + l) 


where £ > 5 and p G (l,p*(£)). Therefore, if £ > 5, p G (l,p*(T)) and IV < £ + 

-——j-, we obtain that IMI^/s^at) = 0 as R —>• +oo, i.e., v = 0 in R^. Thus we 

get the desired result. 

P -\- \ 

(2). Take p =-s. We find that the condition (ii) is equivalent to (14.11) . Hence, 

p — 2 

we get the desired result by adopting the same proof as the above. □ 
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